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i. For holonomlc systems there is a theorem due to Routh [1] which makes 
it possible to determine the atabillty of steady motion. In certain cases 
this theorem is also valid for nonholonomic systems. One of these cases is 
considered below. Let the motion of a nonholonomlc mechanical system, to 
which nonholonomic, linear steady constraints are applied, be described by 
the following system of differential equations containing undetermined 
Lagrange multipliers : 

n--m 

/ 
k=l i = 1  

We shall assume that the coordinates q.+,, .... q. (s < n) are cyclic: 

n--m 

OL 
- -  O, ~ k~al~ ~ = 0 (ct = s @  1 , . . .  , n) (1 .2)  Oq~ 

k= i  

In order to satisfy the second system of Equations (1.2), it is sufficient 
that gk~ -~ 0 

The equations of motion of such a system have n -- s first integrals 

OL / Oqa'= [~a ( ~  = const)  0 .3 )  

Using (1.3), we express the cyclic velocities in terms of the noncyclic 
coordinates and velocities in the following manner: 

q a ' =  q~" (ql . . . . .  qs, q, ' ,  . . . .  qs', 13s+l: . . . .  ~3=) (1.4) 

We shall denote by Z ~ the result of eliminating q.'÷l, ..', q," from the 
expression for L by means of Equation (1.4). We ob~aln 

n Oqc," Oi* OL n Oq~" OL* OL 
+ "2, , = o T  Oqj" - -  Oq/ Oqj" Oqj s Oqj 

a=s-}-I c~= s--1 

On the basis of these equations, the system {i.i) takes the form (J - I, 
,°o, 8) 

"n. ( Oqot. Oq . ) n--,~ S . 

dt Oqj" Oqj c~=s@l k=l 3=1 
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It is not difficult to verify ~hat the system (1.5) admits of the energy 
integral 

I t ' =  Z S - ~  q j" - -  L* - -  ~= Z a-~/ qi -- q=" - - c o n s t  

j-=l a =s-}-I i : 1  

as should be expected, since the external forces acting on the system have a 
potential, while the constrain s applied to the system are ideal and steady. 

Suppose that certain values of ~ Equations (1.5) possess the simple 
solution ~ j- 0 . This solution corresponds to steady motion in which only 
the cyclic coordinates qa vary. 

The equations of the perturbed motion will be Equations (1.5). R outh's 
theorem states that if the function V - R -- He is slgn-definlte in the 
variables ~;, ~, then (in accordance wlth Liapunov's theorem, since V" ~ 0) 
the steady motion will be stable. Ro denotes the value of the f un.ction H 
when all of the noncyclic coordinates g~ and their velocities ~ are set 
equal to zero Ill. 

N o t e Routh's theorem is also valid for nonholonon~c systems with 
with nonllne~ steady constraints. Indeed, letting the nonholonomic, non- 
linear, steady constraints be described by Equations 

~/t (q' . . . . .  qn q,', . . . .  qr[) = 0 (k : ! . . . . .  n - -  rn) (t~6) 

following Chetaev we determine the possible displacements by 

(O~k/Oq, ' )6ql  + . . . +Oq~k/Sqn ' )Sq ,  = 0 (k = J . . . . .  n - -  m) ( t .7)  

In view of the" fact that the actual displacements are among the possible 
displacements, i.e. they satisfy the system (1.7), an energy integ~ral also 
exists for the system ~1.5). 

2. E x a m p i e . Consider a gyrostat S , consisting of a rigid body 
S i with a spherical base which rests on a horlzont~l, ideally rough plane, 
ar~ to which is permanentZy fastened the axis of rotation o f  a sy~=metrleal 
rotor, rotating with constant angular velocity ® . Bobylev's gyroscopic 
sphere [ 2] provides an example of such a gyrostat. We shall assume that the 
spherical base of the body S L touches the supporting plane at only one point 
p . We s h a l l  a l s o  a s s u m e  t Jza t  t h e  g e o m e t r i c a l  c e n t e r  Oz o f  t h e  s p h e r i c a l  
b a s e  o f  t h e  b ody  S~ c o i n c i d e s  w i t h  t h e  c e n t e r  o f  g r a v i t y  0 o f  t h e  g y r o -  
s t a t  S • We t a k e  t h e  l a t t e r  p o i n t  a s  t h e  o r i g i n  o f  a m ~ v i r ~  s y s t e m  o f  c o o r -  
d i n a t e  a x e s  O A ~  c o i n c i d e n t  w i t h  t h e  a x e s  o f  t h e  c e n t r a l  e l I ~ p a o i d  o~ l ~ e r -  
t i a  o f  t h e  t r a n s f o r m e d  b o d y .  We d e n o t e  t h e  momen t s  o f  i n e r t i a  a b o u t  t h e  a x e s  
=M& by A - 8 ,  ~ .  I n  t h e  s t a t i o n a r y  c o o r d i n a t e  s y s t e m  0 = ~  t h e  ~ - a x l e  i s  
d i r e c t e d  v e r t i c a l l y  u p w a r d s .  L e t  ~ ,  v ,  ~ a n d  p ,  ~ ,  r be  t h e  c o r r e s p o n d -  
i r ~  c o m p o n e n t s  o f  t h e  v e l o c i t y  o f  t h e  c e n t e r  o f  g r a v i t y  o f  t h e  g ~ v r o e t a t  a~d  
t h e  i n s t a n t a n e o u s  a n 6 u l a r  v e l o c i t y  on  t h e  a x e s  ~ ,  p t  • ; ~ ,  ~,  8 t h e  ~haler 
a n g l e s ;  an d  x ,  ~ ,  • t h e  c o o r d i n a t e s  o f  t h e  p o i n t  o f  c o n t a c t .  We w r i t e  
t h e  e q u a t i o n s  o f  m o t i o n  o f  t h i s  s y s t e m  i n  I ~ r a r ~ l a n  f o r m  w i t h  u n d e t e r m i n e d  
multipliers and the Lagranglan function 

L = ' , ' = 3 1 ( , , 2 +  r " - 7 - w ' )  + '/,[A ( p ' +  q ' ) +  C ~ n  t*cga~ ~ ] ~ C , O ~ r - ' M g a  

The equations of constraint express the fact that the velocity of  the 
p o i n t  of  c o n t a c t  I s  z e r o  

u ~- q z - -  ~ J =  O, 

From t h e  m a t r i x  

t 

II . k ,  II = o 
0 

v q -  r x - - p z =  O, w - ~ - p t j - -  qz = 0 

0 0 . s in  0 cos ~ 0 a cos 0 s in  ¢pH 
! 0 - -  a s i n  0 s i n  q~ 0 a cos  0 cos  II 0 t 0 0 - - .  s i n  O 

i t  I s  c l ea r  t ha t  the ooe t t~c len ts  r e :  ~/" v ~ h ,  i . e .  ~ =  0 ~ ~ - O, 
consequent ly  the  o o o ~ i n s t e  t i s  o ~ c l l o .  We sb&11 lave lb t lp1 :e  ~ s ~ -  
l l t y  of  the mot ion 
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= 0 = O, ~ ' =  ro, u =  v =w = O, ~ ' =  0 " =  0 (2.t)  

Accordln@ to Routh's theorem, this steady motion will be stable if the 
function V - H --Ho is sign-deflnlte. Consider the function 

V = 1/2 M (u~ q- ~ -[- w ~) + V2 AO TM + V2 k -1 [C2 ~ ~ '  (t - -  cos 0) 2 + 
+ 2CC 2 ~ r  o (t - -  cos O) + (C - -  A) C ro ~ sin ~ 0 + A C ~ 2  sin ~ O] (2.2) 

( k = A s i n  2 0 + C c o s  20) 

The quadratic part of the function 

V2 = 1 / ~ M ( u  2 +  ~ + w ' ) +  1/2A0 m +  V, [ ( C - - A )  ~ + C 2 ~ ]  r ~  2 

will be positlve-definlte with respect to u, v, w, O, O" if 

(C - -  A)  r o + C ~  > 0 (2.3) 

The condition (2.3) agrees with the condition (4.18) of [3] for a,= 0 . 

Thus, according to the theorem on the stability with respect to part of 
the variables [4], the steady motion (2.1) is stable with respect to u, v, 
w, %, e" and (2.3) is the sufficient condition for stability. 
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